The interference of degenerate four-wave mixing ͑FWM͒ in three-level systems is examined in both the classical and quantum regimes with a backward configuration. In classical FWM, we find that the phase difference between two indistinguishable FWM transition paths can be varied by different driving laser parameters, and leads to interference in the amplitude and polarization of the generated conjugate field. In the paired-photon generation case, the interference in the nonlinearity disappears because of the time ordering in biphoton generation. However, because of the slow group velocity at the degenerate frequency and polarization, the biphoton-amplitude interference between two Feynman paths can erase the time-ordering information at the detectors. For small group delay, the biphoton correlation, determined by the third-order nonlinearity, shows antibunching and damped Rabi oscillations. For large group delay, where the biphoton bandwidth is determined by phase matching, we show that the biphoton interference leads to a bunching effect. The feasibility of generating polarization entanglement is also discussed. Optical four-wave mixing ͑FWM͒ has many applications such as phase conjugation ͓1͔, real-time holographic imaging ͓2͔, and nonlinear frequency conversion ͓3͔. With electromagnetically induced transparency ͑EIT͒ ͓4͔, FWM has even been demonstrated at low light level ͓5͔. More recently, fourwave spontaneous parametric interactions in cold atomic systems have been used to generate narrowband time-energy entangled photon pairs ͓6-8͔.
Optical four-wave mixing ͑FWM͒ has many applications such as phase conjugation ͓1͔, real-time holographic imaging ͓2͔, and nonlinear frequency conversion ͓3͔. With electromagnetically induced transparency ͑EIT͒ ͓4͔, FWM has even been demonstrated at low light level ͓5͔. More recently, fourwave spontaneous parametric interactions in cold atomic systems have been used to generate narrowband time-energy entangled photon pairs ͓6-8͔.
Earlier work encompassed phase conjugation with degenerate FWM in two-level systems. Du et al. ͓8, 9͔ showed that in a two-level system there is a destructive interference of the third-order nonlinear susceptibility between two FWM processes. Motivated by this work, we study FWM in threelevel systems and find that interference, constructive and destructive, of the third-order nonlinear susceptibility of the conjugate field can be realized with different driving laser parameters. In particular, we show that the polarization of the generated conjugate field can also be manipulated. Moreover, the interference of the nonlinearity disappears in the conjugate used to produce entangled photon pairs. However, because the EIT-induced slow-light propagation erases information about time ordering, interference between different two-photon Feynman paths occurs and can modify the correlation from antibunching to bunching. We also discuss generation of paired photons with entangled polarization which has many potential applications, such as tests of Bell's inequalities ͓10͔ and quantum-information processing ͓11͔. The paired photons created in such a case are analogous to degenerate type-II spontaneous parametric down-conversion ͑SPDC͒ ͓12,13͔.
The schematic of FWM in a three-level system is shown in Fig. 1 , where pump ͑ p ͒ and coupling ͑ c ͒ lasers counterpropagate through an atomic cloud. A weak probe field ͑ a ͒ is applied to generate its backward phase-matched conjugate field ͑ b ͒. The atomic cloud is in a cigar shape with length L in the probe direction and atomic density N. Two possible FWM transition paths are depicted in Fig. 1͑b͒ . The pump and coupling fields have angular frequencies of p = 31 + ⌬ p and c = 32 + ⌬ c , respectively. 31 and 32 are the transition frequencies for ͉3͘ ↔ ͉1͘ and ͉3͘ ↔ ͉2͘. ប⌬ 21 is the energy difference between two ground levels. The probe frequency is centered at a = 32 + ⌬ p , and the conjugate field is centered at b = 31 + ⌬ c . If we set ⌬ p = ⌬ 21 + ⌬ c , the probe and its conjugate field share the same central frequency, i.e., a = b = 0 . We assume that ⌬ p ӷ⌬ c and all the atoms are initially populated in their ground level ͉1͘. The third-order nonlinear susceptibilities for two processes can be obtained from perturbation theory ͓7͔:
͑2͒
where ␦ = a − 0 is the probe detuning, ⍀ c is the coupling Rabi frequency, ␥ ij are the dephasing rates between levels ͉i͘ *Electronic address: dus@stanford.edu Figure 2 shows the phase of I,II ͑3͒ ͑␦ =0͒ as a function of coupling detuning. The physics behind this is clear: around ⌬ c = 0, the nonlinearity is enhanced by the EITinduced coherence; otherwise, the medium can be approximated as a two-level system ͓8,9͔. To implement the scheme discussed above, the probe field must simultaneously cover both transitions so that interference can occur between the two FWM events and degenerate polarizations.
To study interference between two orthogonal polarizations, we consider the ideal nondegenerate three-state system shown in Fig. 3 , where ͉1͘, ͉2͘, and ͉3͘ represent three Zeeman states with M = −1, 1, and 0, respectively. The circularly polarized pump and coupling fields are denoted as + and − . A linearly polarized probe beam, nearly collinear with the pump-coupling direction, can be decomposed into ͉P͘ probe = ͉͑ + ͘ + ͉ − ͒͘ / ͱ 2. Then the polarization of the b field is
+ ͒͘ / ͱ 2 where ͑⌬ c ͒ is the phase difference between two FWM events which is determined from I ͑3͒ and II ͑3͒ . It is obvious that the polarization of the conjugate field depends on ⌬ c : ͑1͒ for coupling on resonance ͑⌬ c =0͒, the conjugate field remains the same linear polarization as the probe because =0; ͑2͒ for large coupling detuning, → , the conjugate field switches from the horizontal polarization to the orthogonal. Figure 4 shows how the polarization of the conjugate field changes as a function of the coupling detuning with the same parameters used in Fig. 2 . Now we turn to the major part of the two-photon interference when the three-level system is used to generate entangled photon pairs with the same central frequency. As shown in Fig. 5 , in the presence of pump and coupling beams, photon pairs are spontaneously emitted into the backward geometry. Here the paired photons are denoted as Stokes ͑ s ͒ and anti-Stokes ͑ as ͒. In the following we consider only the case with ⌬ c = 0 and ⌬ p = ⌬ 21 such that the Stokes and anti-Stokes photons have degenerate spectra. The EIT linear susceptibility is described by
Both Stokes and anti-Stokes photons experience this EIT profile because of their degenerate frequency and polariza- tion. The EIT effect not only prevents the generated photons from being absorbed, but also enhances the nonlinear interaction. As shown in Fig. 5͑b͒ , because the Stokes photon is always radiated before the anti-Stokes, there is no interference in the third-order nonlinearity. However, because both Stokes and anti-Stokes photons experience slow group velocity, their time-ordering information is washed out when the group delay is larger than the generation time, i.e., L / V g ജ⌬t as-s . This may be understood with the help of the Feynman diagram in Fig. 5͑c͒ . We are interested in the case that two detectors tend to fire simultaneously by postselection. Since the anti-Stokes photon is emitted after the Stokes, by adjusting the coincidence window paired Stokes-anti-Stokes photons are considered if they are registered almost at the same time by the two detectors. Two possible Feynman paths for such a measurement are shown in Fig. 5͑c͒ . Regardless of where the pair is generated, z 1 or z 2 , they are not distinguished by the detectors. Hence the interference occurs between two different Feynman paths.
The two-photon amplitude in the time domain on the output surfaces is
where R and L refer to right-and left-propagating modes.
The paired Stokes-anti-Stokes amplitude can be obtained using perturbation theory ͓13,14͔: 
which allows Eq. ͑5͒ to be expressed as a convolution:
ͪ͑͒, ͑8͒
where ␥ e = ͑␥ 21 + ␥ 31 ͒ / 2 and ⍀ e = ͱ ⍀ c
and otherwise zero, is a Fourier transform of the longitudinal function. The Heaviside function ͑͒ defines ⌿ 0 ͑͒ as valid for ജ 0. Now the biphoton amplitude ͓Eq. ͑4͔͒ becomes
As shown, even though there is no temporal overlapping between ⌿ 0 ͑͒ and ⌿ 0 ͑−͒, their convolution with ⌸͑͒ will mix them together. Two characteristic times of the system are the group delay g = L / V g and the Rabi oscillation period r =2 / ⍀ e . When g Ӷ r , we can treat ⌸͑͒ as a delta function ␦͑͒ and approximate ⌿͑͒ as ⌿ 0 ͑͒ + ⌿ 0 ͑−͒. For this case, interference is not present between ⌿ 0 ͑͒ and ⌿ 0 ͑−͒ and photon antibunching at = 0 is observed where the twophoton correlation exhibits a damped Rabi oscillation. If g ӷ r , however, the two-photon temporal correlation approaches a rectangularlike function ͓i.e., ⌿͑͒ → ⌸͔͑͒ and exhibits photon bunching around =0. The numerical simulations ͑blue dashed line͒ are given in Fig. 6 , where a comparison is made with the methodology by solving the coupled operator equations ͓6-8͔ which include both the linear loss and Raman gain profiles ͑red solid line͒. We have chosen the 85 Rb D2 line for a suitable level configuration:
⌬ 21 =2 ϫ 3.036 GHz, ␥ 31 = ␥ 32 =2 ϫ 3 MHz, ␥ 21 =2 ϫ 0.03 MHz, and ⍀ p = 100␥ 31 . The cold atomic cloud, prepared in a two-dimensional magnetooptical trap, has a typical longitudinal length of 1.5 cm and an optical depth ͑OD͒ of 30 at the pump transition ͓15͔. For small group delay with low OD ͑ϳ1.5͒ and large coupling Rabi frequency ͑⍀ c =10␥ 31 ͒, two methods yield the same result. As seen in Fig. 6͑a͒ , the two-photon correlation shows a damped Rabi oscillation and photon antibunching. For large group delay with high OD ͑ϳ30͒ and small coupling Rabi frequency ͑⍀ c =2␥ 31 ͒, as shown in Fig. 6͑b͒ , perturbation theory ͓Eq. ͑9͔͒ shows that the correlation becomes a rectangularlike shape and the coincidences at = 0 are not zero. The coupled operator equations predict similar behavior except that the loss and gain modify the pattern. We note that the three-state scheme ͑Fig. 3͒ can also be used to generate polarization-entangled paired photons. The polarization-entangled state takes the form ͓16͔
Maximum polarization entanglement can be achieved if the generation time difference is compensated. Again, there is no interference between two orthogonal circular polarizations in a single-photon counting experiment because the reduced density operator for a single photon is always = ͉͑
The reason is that when twin photons are generated in a single event following a time ordering of atomic transitions, each photon can occupy only one transition due to the polarization and time-energy entanglement. There is no interference between different events because of the random nature of spontaneous emission. For application purposes, the polarization-entangled Stokes and anti-Stokes photons have long coherence length and coherence time, which is ideal for long-distance quantum communication.
In summary, we have studied interference of classical FWM and biphoton generation in three-level systems with a back-to-back configuration. In classical FWM, we find that the phase difference between two FWM transition paths can be varied by adjusting the input laser parameters. In a threestate scheme, we show that the polarization of the conjugate field can be manipulated. In the paired-photon generation scheme, the interference in the nonlinearity disappears because of the time ordering in the generation mechanism. However, the EIT-induced slow-light propagation is experienced by both Stokes and anti-Stokes photons because of their degenerate frequency and polarization, and acts as a quantum eraser of the time ordering. An interference appears as a sum of indistinguishable biphoton amplitudes from different Feynman paths. For small group delay, the biphoton temporal correlation is mainly determined by the third-order nonlinearity and exhibits photon antibunching and damped Rabi oscillations. For large group delay, the biphoton bandwidth is determined by phase matching and the two-photon interference yields photon bunching. Generating polarization entanglement is also suggested in the three-state case, which is similar to type-II SPDC. We also emphasize that the nonlinear coupling coefficients for the classical FWM coupled field equations are different from those used in coupled operator equations. In general, considering biphoton generation in the schemes proposed in this paper, it is not valid to directly change the classical FWM coupled field equations into operator equations ͑e.g., ͓5-7͔͒ without changing the nonlinear coupling coefficients.
